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A PRIME DECOMPOSITION THEOREM FOR THE
2-STRING LINK MONOID
RYAN BLAIR, JOHN BURKE, ROBIN KOYTCHEFF
Abstract. In this paper we use 3-manifold techniques to illumi-
nate the structure of the string link monoid. In particular, we give
a prime decomposition theorem for string links on two components
as well as give necessary conditions for string links to commute un-
der the stacking operation.
1. Introduction
It is well known that isotopy classes of knots form a monoid via the
operation of connected sum. This operation is well-defined on both
closed knots (embeddings of S1 into S3 or R3) and long knots (embed-
dings of R into R3 which agree with a fixed linear embedding outside
of a compact set). However, if one tries to generalize this operation
to links of more than one component, one finds an analogous monoid
structure not for closed links, but for string links. This operation is
given by “stacking”, and the resulting monoid structure is the subject
of this paper.
The prime decomposition theorem for knots proven by Schubert in
1949 states that the monoid of isotopy classes of knots is the free com-
mutative monoid on the isotopy classes of prime knots [10]. One main
result of the current paper is an analogous theorem for 2-component
string links. An analogue of Schubert’s theorem is well known for closed
links of any number of components under the operation connected-sum
(in the sense of [9, p. 40], i.e., “along one component”), which is quite
different from the operation of stacking. Our main result is the follow-
ing:
Theorem (Corollary 4.6). A 2-component string link L can be writ-
ten as the product (under stacking) of prime factors L = L1#...#Ln,
where this decomposition is unique up to permuting the order of central
elements and multiplication by units.
In the 2-string link monoid, the center turns out to be generated
by split string links and one-strand cables, while the units are braids.
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Along the way, we consider the n-string link monoid for any n, estab-
lishing the necessary conditions for commutativity and characterizing
the units and the center of the monoid of n-component string links .
This work was motivated by work of the last two authors on operad
actions on spaces of string links [3]. In turn, that work built upon
papers of Budney [1, 2], which, roughly speaking, generalize decompo-
sition theorems about the monoid of isotopy classes of long knots (or pi0
of the space of long knots) to the level of the whole space of long knots.
In seeking generalizations from long knots to string links, it was both
natural and necessary to understand the structure of the monoid of
isotopy classes of string links. The results in the current paper regard-
ing 2-string links allows the last two authors to prove a decomposition
theorem for a large part of the whole space of 2-string links.
1.1. Acknowledgments. We thank the referee for a careful reading
of the paper, insightful comments, and substantive suggestions. The
last author was partially supported by NSF grant DMS-1006410. He
thanks Tom Goodwillie for useful conversations.
2. Basic Notions
An n-string link is a properly, smoothly embedded collection of n
arcs T in M = D2 × I such that each arc has one endpoint in ∂−M =
D2 × {0} and one endpoint in ∂+M = D2 × {1} and each of ∂−M ∩ T
and ∂+M ∩ T are a collection of n points {(x1, 0), (x2, 0), ..., (xn, 0)}
and {(x1, 1), (x2, 1), ..., (xn, 1)} respectively. Furthermore, we require
that at each pair of endpoints, the derivatives of all orders of the n
embeddings agree with the maps t 7→ (xi, t). An n-string link is pure
if for every component α of T , α ∩ ∂−M = (xi, 0) implies α ∩ ∂+M =
(xi, 1).
Definition 2.1 (String link equivalence). String links T1 and T2 in M
are equivalent if there is an isotopy of M fixing ∂M that takes T1 to
T2. In this case, (by abuse of notation) we will write T1 = T2.
Let h : D2×I → I be the projection map onto the second coordinate.
A braid is a string link that is equivalent to a string link T with the
property that for every component α of T , the restriction of h to α
is a smooth, one-to-one and onto function with no critical points in
its domain. Given n-string links T1 in M1 and T2 in M2, denote the
stacking operation by T1#T2 which is achieved by gluing ∂+M1 to ∂−M2
via the identity map and considering the n-string link which is the
image of T1 ∪ T2 under this identification. The resulting quotient of
M1 ∪M2 is again homeomorphic to D2 × I and we choose to identify
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the image ofM1 withD
2×[0, 1/2] and the image ofM2 withD2×[1/2, 1]
in the obvious ways. See Figure 1.
T1 T2
T1#T2
F
∂−M ∂+M
Figure 1. The stacking of two pure string links
Definition 2.2. Given a compact 1-manifold T properly embedded in a
compact 3-manifold M , an embedded surface F in M is k-punctured if
F meets T transversely in exactly k points. For example, F in Figure
1 is 2-punctured.
Definition 2.3. Given a surface F properly embedded in a 3-manifold
M and a 1-manifold T properly embedded in M , an isotopy φt of F
in M is proper if it extends to an isotopy of pairs φt : (F, ∂F ) →
(M,∂M). An isotopy φt of F in M is transverse to T if the image of
φt is transverse to T for every fixed value of t.
Remark 2.4. Unless explicitly stated otherwise, all isotopies of sur-
faces in this paper will be proper isotopies that are transverse to the
string link under consideration.
Definition 2.5. Given a string link T in M , a k-punctured, properly
embedded surface F in M (as in Definition 2.2) is called boundary-
parallel if there is an isotopy of F in M which takes F to a subsurface
contained in ∂M .
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Definition 2.6. A decomposing disk for an n-string link T in M is
an n-punctured disk which is properly embedded in M , whose boundary
is isotopic in ∂(D2× I) to ∂(∂+M), and which is not boundary-parallel
(i.e. not isotopic to ∂+M nor ∂−M). See the disk F in Figure 1.
Note that each strand of a string link passes through a decomposing
disk exactly once.
Further notation and terminology: A decomposing disk F for
a string link T in M separates M into two pieces, one containing ∂−M
and the other containing ∂+M . Each piece is homeomorphic to D
2×I,
so the two pieces that F separates T into can be identified with two
string links, up to multiplication by braids (cf. braid-equivalence in
Definition 3.5 and its alternative formulation in Proposition 4.5). If
K is the string link resulting from restricting T to the piece of M
containing ∂−M and L is the string link resulting from restricting T to
the piece containing ∂+M , we say that F decomposes T as K#L. Note
that the order of K and L matters. We will let MFK and M
F
L denote
the closures of the complementary components of F in M that contain
K and L respectively.
Definition 2.7. A loop γ embedded in a punctured surface F is es-
sential if it does not bound a 0-punctured disk or a 1-punctured disk in
F .
Definition 2.8. Given a string link T in M and a properly embedded,
possibly punctured surface F in M , F is compressible if there exists
a disk D embedded in M such that D ∩ F = ∂D, ∂D is essential
in F and D is disjoint from T . Such a disk is called a compressing
disk. Otherwise, F is incompressible. A surface F is essential if F is
incompressible and non-boundary parallel.
Here we take the point of view of studying surfaces F properly em-
bedded in M which may be punctured by the string link T . An alterna-
tive perspective would be to study F∩M∗, where M∗ is the complement
of an open regular neighborhood of T in M . From that perspective,
F is incompressible in M if the inclusion F ∩M∗ ↪→ M∗ induces an
injection on pi1.
Lemma 2.9. Any decomposing disk F for a string link T = K#L in
M is incompressible.
Proof. Suppose F is a decomposing disk. Then F separates M into
MFK and M
F
L . Suppose F is compressible. Let D be a compressing
disk for F . We can assume D is completely contained in MFK or M
F
L .
Without loss of generality, assume D is contained in MFK . Since D is
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a compressing disk, then, by definition, ∂D is essential in F . Since F
is a punctured disk, this implies ∂D bounds a punctured disk D1 ⊂ F .
Since the 3-ball is irreducible, D1 ∪D bounds a 3-ball in MFK . Hence,
any arc of T in the 3-ball bounded by D1 ∪ D is an arc in K which
must have both endpoints in D1 ⊂ ∂+MFK(= ∂−MFL ). This contradicts
the fact that each strand of a string link passes through a decomposing
disk only once. 
The following proposition was originally proven in [8]. Here we pro-
vide an alternative proof.
Proposition 2.10. If K and L are n-string links such that K#L is a
braid, then both K and L are braids.
Proof. Let F be the n-punctured disk corresponding to ∂+M
F
K and
∂−MFL in M . By Lemma 2.9, F is incompressible. Since K#L is a
braid, M can be decomposed as an I-bundle over D2 with K#L the
union of I-fibers. Since F is incompressible and separates ∂−M and
∂+M , then, by Corollary 3.2 of [11], F is isotopic to both ∂+M and
∂−M . By isotopy extension, MFK can be decomposed as an I-bundle
over D2 with K the union of I-fibers and MFL can be decomposed as
an I-bundle over D2 with L the union of I-fibers. Thus, both K and
L are braids. 
Corollary 2.11. The units in the n-string link monoid are precisely
the braids.
Proof. The trivial string link is a braid, so this follows immediately
from Proposition 2.10. 
Definition 2.12. (a) An n-string link L embedded in M = D2 × I is
prime if L = J#K implies J or K is a braid and if L is not a braid
itself.
(b) Equivalently, L is prime if every n-punctured disk properly em-
bedded in M with boundary isotopic to ∂(∂+M) is boundary parallel,
but ∂+M is not isotopic to ∂−M .
(c) Equivalently, a string link is prime if it is not a braid and has
no decomposing disks.
We leave it to the reader to verify the equivalence of the above three
definitions.
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3. Commutativity in the String Link Monoid
In this Section, we study when two string links commute. The most
difficult result is establishing some necessary conditions for commuta-
tivity, namely Proposition 3.7. We also establish some sufficient con-
ditions in Proposition 3.9.
Recall that, given a string link T , we only consider isotopies of sur-
faces embedded in M that are everywhere transverse to T .
Definition 3.1. An n-string link T embedded in M = D2×I is split if
there exists a compressing disk for ∂M which meets ∂(∂−M) minimally
in exactly two points.
Note that any braid on two or more strands is a split link.
Figure 2. A split link. The rectangular disk shown is
the compressing disk in Definition 3.1.
Definition 3.2. A splitting disk for an n-string link T in M = D2× I
is a properly embedded punctured disk F in M such that ∂F is contained
in ∂−M (resp. ∂+M), each strand of T meets the splitting disk at most
once and the splitting disk is not transversely isotopic to a subdisk of
∂−M (resp. ∂+M).
F
Figure 3. A splitting disk.
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Lemma 3.3. Let T in M be a prime string link with splitting disk F
such that ∂F ⊂ ∂±M . Then the union of the punctured annulus in
∂±M cobounded by ∂∂±M and ∂F together with the punctured disk F
is isotopic to ∂∓M .
∂∂−M
∂F
FF ′
Figure 4. A prime string link and splitting disks F and F ′.
Proof. The union of the punctured annulus in ∂±M cobounded by
∂∂±M and ∂F together with the punctured disk F is a punctured
disk D that meets each component of T exactly once and has bound-
ary ∂∂±M . After a small transverse isotopy of D that pushes D off
of ∂±M , D is a properly embedded disk in M . Since T is prime, D
must be isotopic to either ∂−M or ∂+M . From one of these two pos-
sibilities we conclude that F is isotopic to the subdisk of ∂±M with
boundary ∂F , a contradiction to the definition of splitting disk. The
other possibility is the desired conclusion.

Note that the number of punctures in a splitting disk is not required
to be minimal. Thus a prime, split string link may have non-isotopic
splitting disks, each intersecting a different number of “trivial strands.”
See Figure 4. However, a prime non-split string link has a unique
splitting disk F up to isotopy, provided we fix which side of ∂M (∂− or
∂+) its boundary ∂F lies in.
Definition 3.4. If T embedded in M is a string link, then a properly
embedded annulus A in M is a cabling annulus if one component of ∂A
is contained in ∂−M , the other component is contained in ∂+M and,
if N is the copy of D2× I that A cobounds with two disks in ∂M , then
T ∩N 6= ∅ and T ∩N is a braid in N . (Note that we do not consider
the empty submanifold to be a braid.)
Note that the boundary of a regular neighborhood of a single strand
of a string link contains a cabling annulus.
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A
Figure 5. Cabling
An isotopy of a stacking of two string links will not necessarily fix
D2 × {1
2
}. This motivates the following definition.
Definition 3.5. Two n-string links T1 and T2 are braid-equivalent if
there exist braids B1 and B2 such that T1 = B1#T2#B2.
Proposition 3.6. String links T1 and T2 are braid-equivalent if and
only if there is an isotopy of M which fixes (∂D2)× I and which takes
T1 to T2.
Proof. “⇒”: Suppose T1 = B1#T2#B2. Any braid B in M can be
viewed as an isotopy hs, s ∈ I, of points in D2. Let D2(1 − ε) denote
the disk of radius (1 − ε) centered at (0, 0). By the isotopy extension
theorem, hs extends to an isotopy of all of D
2 with support in D2(1−
ε) and with h0 = id. For (x, t) ∈ D2 × I = M , define Hs(x, t) :=
(hst(x), t). Thus H is an isotopy from the standard trivial string link
to B. Let H1, H2 be such isotopies corresponding to the braids B1, B2.
Take T2 and stack a trivial string link on either side. Applying H
1, H2
to the left-hand and right-hand pieces of M containing these trivial
string links yields an isotopy as in the Proposition statement taking T2
to T1.
“⇐”: Let H = Hs(x, t) be an isotopy of M as in the Proposition
statement. Let h0, h1 be isotopies of D2 given by h0s(x) = pi ◦Hs(x, 0)
and h1s(x) = pi ◦ Hs(x, 1), where pi : D2 × I → D2 is the projection.
Note that h0 and h1 start at the identity map. Take T1 and stack a
trivial string link ι on either side, so that T1 lies in D
2× [1
4
, 3
4
]. Denote
the result ι#T1#ι. We will extend H from the piece of M containing
T1 to an isotopy H˜ of all of M which fixes ∂M . In fact, let σ : I → I
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be given by σ(t) = t/2 + 1/4, and define
H˜s(x, t) :=

(h0s(4t)(x), t) if 0 ≤ t ≤ 1/4
(id× σ) ◦Hs(x, 2t− 1/2) if 1/4 ≤ t ≤ 3/4
(h1s(4−4t)(x), t) if 3/4 ≤ t ≤ 1
Thus T2 is equivalent as a string link to the image of ι#T1#ι under
H˜1. Clearly the images of the copies of ι are braids, while T1 is taken
to T2. 
Proposition 3.7. Suppose K and L are prime n-string links. If T =
K#L = L#K, then at least one of the following holds:
(1) K and L differ by a braid B which commutes with both K and
L (which implies that K is braid equivalent to L);
(2) Up to relabeling K and L, L is a string link with cabling annulus
A, and K has a splitting disk F such that ∂F is isotopic to a
component of ∂A.
Proof. Suppose T is a string link in M = D2 × I such that T is equiv-
alent to both K#L and L#K for prime n-string links K and L. Let
D be the decomposing disk that decomposes T as K#L and let E be
the decomposing disk that decomposes T as L#K. By Lemma 2.9 and
the definition of decomposing disk, both D and E are incompressible
and non-boundary-parallel. Since ∂D is isotopic to ∂E, we can iso-
tope E so that ∂D ∩ ∂E = ∅ while simultaneously demanding that
D = D2 × {1
2
} ⊂M (see Figure 6 for a particular example). This last
condition is not strictly necessary for the proof, but it simplifies the
pictures in Figures 7 and 8.
D
E
Figure 6. Decomposing Disks for K#L and L#K
In general, the intersection of (compact) surfaces D and E with
∂D∩ ∂E = ∅ is a finite collection of circles. We will let |D∩E| denote
the number of these circles of intersection. Subject to the constraints
on D and E in the previous paragraph, isotope E to minimize |D∩E|.
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If |D ∩E| = 0, then, since both L and K are prime, D is isotopic to
E. Thus the part of T in the region of M bounded between D and E
is a braid B. This implies furthermore that K#B = L and B#K = L.
(Alternatively, replacing B by B−1, K = L#B and K = B#L for
some braid B.) Thus we arrive at condition (1) in the Proposition
statement. In the remaining cases, we will arrive at either condition
(2) or a contradiction.
Suppose |D ∩ E| > 0. Let {αi} be the collection of all innermost
curves of D ∩ E in E and let Di, Ei be the possibly punctured disks
that αi bounds in D,E respectively. Since T is a string links, then
|Di ∩ T | = |Ei ∩ T |. So if one of {Di, Ei} has zero punctures, then
so does the other. In that case, Di ∪ Ei bounds a 3-ball, and Di can
be pushed across Ei to eliminate αi, contradicting the minimality of
|D ∩ E|. Thus, every (innermost) component of D ∩ E in E encloses
at least one puncture.
Let D separate M into MDK and M
D
L . Since αi is innermost in E,
then D is disjoint from the interior of Ei for each i and Ei is properly
embedded in one of MDK or M
D
L for each i.
Case A: Assume |{αi}| ≥ 2. Let Ej and Ek be distinct innermost
disks in E. Let Dj and Dk be the punctured disks in D that αj and
αk bound respectively. Since |D ∩ E| has been minimized, Dj is not
isotopic to Ej and Dk is not isotopic to Ek. Note that since Ej, Ek, Dj
and Dk are all subdisks of E and D, and since both D and E meet
every strand of T exactly once, then each of Ej, Ek, Dj and Dk must
meet each strand of T at most once.
See Figure 7 for illustrations of the following subcases.
Case A1: Suppose both Ej and Ek are properly embedded in M
D
L .
Sub-case A1a : Suppose Dj and Dk do not intersect in D then the
n-punctured disk H that is the union of Ej and the annulus bounded
by αj and ∂D in D is not isotopic to D since Ej is not isotopic to Dj,
and H is not isotopic to ∂+M
D
L since Ek is not isotopic to Dk. This is
a contradiction to L being prime.
Sub-case A1b: Suppose Dj and Dk do intersect in D. Up to rela-
beling, we can assume that Dj ⊂ Dk. Notice that each of Ej and Dj
meet each strand of T at most once. Thus every arc of T contained in
the 3-ball whose boundary is Dj ∪ Ej has one endpoint in Dj and one
endpoint in Ej. By Alexander’s Theorem, the punctured disks Ej ∪Ek
separate MDL into three 3-ball components. Examine an arc β ⊂ L in
the component which is incident to both Ej and Ek such that β has
an end point on Ej. There are three possibilities for the other end-
point of β: it is contained in Ej, Ek, or D. If this other endpoint of β
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Sub-case A1a Sub-case A1b
Sub-case A3a Sub-case A3b
MDK M
D
L
D Ej
Ek
Ek
Ej
Ej
Ek
Ek
Ej
Figure 7. Diagrammatic representations of the sub-
cases in Case A. A rectangle is used to represent D2× I;
D is represented by a red line, with MDK on the left and
MDL on the right; and the subdisks Ej and Ek of E are
represented by green lines.
is contained in either Ej or Ek, then we immediately contradict that
β intersects E only once. If this other endpoint of β is contained in
D, then the strand of L that contains β has both endpoints on D, a
contradiction to L being a string link. Hence, in each case we derive a
contradiction.
Case A2: Suppose both Ej and Ek are properly embedded in M
D
K .
The proof in this case is similar to the proof in Case A1.
Case A3: Suppose Ej is properly embedded in M
D
K and Ek is properly
embedded in MDL .
Sub-case A3a: Suppose Dj and Dk intersect in D, then we can
assume Dj ⊂ Dk. Let p be a point of intersection between T and
Dj. (We know such a point exists since no curve of D ∩ E bounds an
unpunctured disk in D.) The point p is the endpoint of an arc α in
K and an arc β in L. Since the other endpoint of α is contained in
∂−MDK , then Ej separates the endpoints of α and α ∩ Ej 6= ∅. Since
the other endpoint of β is contained in ∂+M
D
L , then Ek separates the
endpoints of β and β ∩ Ek 6= ∅. Hence the arc α ∪ β in T meets E
twice, a contradiction.
Sub-case A3b: Suppose Dj and Dk do not intersect in D, then ex-
amine the n-punctured disk D′ that is the union of Ej and the annulus
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in D with boundary αj ∪ ∂D. Since K is prime and Ej is not isotopic
to Dj, then D
′ must be isotopic to ∂−MDK via an isotopy ι. Moreover,
ι can be taken to be an embedding. This identifies the part of M be-
tween D′ and ∂−MDK with the product D
2 × I such that K meets this
product in I-fibers. Now for any curve γ in D which is disjoint from
the interior of Dj and which encloses a puncture in D, the image of
the restriction of ι to γ is a cabling annulus in MDK with γ a boundary
component. Thus the restriction of ι to αk has image a cabling annulus
in MDK with αk as a boundary component. Hence, Ek is a splitting disk
for L such that αk bounds a cabling annulus in M
D
K , which is what we
wanted to show.
Case A4: Suppose Ej is properly embedded in M
D
L and Ek is properly
embedded in MDK . This case follows from the proof of Case A3.
Case B: It remains to consider the case that there is a unique inner-
most curve α1 of D ∩E in E bounding a punctured disk E1 in E. Let
D1 be the punctured disk α1 bounds in D. Since there is a unique in-
nermost curve α1 of D∩E in E, every other curve in D∩E encloses α1
in E, and hence there is also a unique curve β which is outermost in E.
Let AE be the possibly punctured annulus in E with boundary β∪∂E.
Let AD be the possibly punctured annulus in D with boundary β∪∂D.
E1 is not isotopic to D1, and AE is not isotopic to AD, as otherwise
we could decrease |D ∩ E|. As noted previously, |E1 ∩ T | = |D1 ∩ T |
and, similarly, |AE ∩T | = |AD ∩T |. Without loss of generality, assume
AE ⊂MDK . There are several cases to consider.
See Figure 8 for illustrations of the following subcases.
Case B1: E1 is contained in M
D
K , and α1 is disjoint from AD. The
n-punctured disk H in MDK that is the union of E1 and the annulus
bounded by ∂E1 and ∂D in D is not isotopic to D since E1 is not
isotopic to D1 and H is not isotopic to ∂−MDK since AD is not isotopic
to AE. This is a contradiction to K being prime.
Case B2: E1 is contained in M
D
K , and α1 is contained in AD. The an-
nulus AE separates M
D
K into two pieces. (This can be seen by doubling
the 3-ball MDK and the annulus along their boundaries and applying
the Generalized Jordan Curve Theorem [6].) Since E is embedded, E1
is contained in one of these pieces, necessarily the one incident to AD.
This implies that D1 ⊂ AD. Then any arc of K that intersects E1 is
forced to also intersect AE, a contradiction to the fact that every arc
of T meets E exactly once.
Case B3: E1 is contained in M
D
L , and α1 cannot be isotoped to be
disjoint from AD. Here AD and D1 are forced to meet T in a common
puncture p. The arc of K with endpoint p must meet AE since AE
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Case B1 Case B2 
Cases B3 Cases B4 
AE
E1
E1
AE
AE
E1
AE
E1
Figure 8. Diagrammatic representations of the sub-
cases in Case B. A rectangle is used to represent D2× I;
D is represented by a red line, with MDK on the left and
MLD on the right; and D1 and AE are represented by
green lines.
separates the endpoints of this arc. The arc of L with endpoint p
must meet E1 since E1 separates the endpoints of this arc. This is a
contradiction to the fact that E meets every arc of T exactly once.
Case B4: E1 is contained in M
D
L , and α1 can be isotoped to be disjoint
from AD. Note that E1 is a splitting disk for L. Since AE is not isotopic
to AD and K is prime, the n-punctured disk AE∪(D−AD) is isotopic to
∂−MDK . As in the proof of Case A3b, this isotopy gives rise to a product
structure on the complementary component of AE in M
D
K that contains
α1. This product structure implies α1 is a boundary component of a
cabling annulus for K, which is what we wanted to show.

Remark 3.8. By condition (1) of Proposition 3.7, understanding when
braids commute with string links would provide a more thorough under-
standing of the necessary conditions for commutativity of string links.
We plan to pursue this in future work.
The following essentially provides the converse to the above Propo-
sition.
Proposition 3.9. Suppose T = K#L, where K and L are prime, n-
string links. Let D be the decomposing disk that decomposes T as K#L.
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If L is a string link with cabling annulus A and K has a splitting disk
F such that, after forming K#L, ∂F is isotopic to a component of ∂A
in ∂+M
D
K , then K#L is braid equivalent to L#K.
It is clear that the roles of K,L can be reversed, i.e., that if L has
a splitting disk F , K has a cabling annulus A, and ∂F is isotopic to a
component of ∂A in ∂−MDL , then the same conclusion holds.
Proof. Here we describe an isotopy taking K#L to L#K up to braid
equivalence. An example of the splitting disk and cabling annulus that
define the isotopy are depicted in Figure 6 as the portions of E on
either side of D. Additionally, a version of this isotopy is depicted in
Figure 10.
The portion of L#K in the 3-ball bounded by F and a subdisk of
∂+M
D
K in M
D
K can be isotoped through the complementary component
of A in MDL homeomorphic to D
2 × I so that it lies inside an ε neigh-
borhood of ∂+M
D
L . By Lemma 3.3, after this isotopy, the portion of
K#L in MDK is a braid. Additionally, since, before the isotopy, T met
the complementary component of A in MDL homeomorphic to D
2×I in
a braid, then, after the isotopy, the portion of K#L in an ε neighbor-
hood of ∂+M
D
L is braid equivalent to K. Similarly, after the isotopy,
the portion of K#L in MDL that meets the D
2×I complementary com-
ponent of A in MDL outside of an ε neighborhood of ∂+M
D
L remains a
braid. Simultaneously, the portion of K#L in MDL , but outside of this
D2× I complementary component of A is fixed by this isotopy. Hence,
K#L is braid-equivalent to L#K. 
Corollary 3.10. Let T be an n-string link such that T = K#L =
P#Q K, L, P , Q be prime, n-string links. Then K is braid-equivalent
to P and L is braid-equivalent to Q or K is braid-equivalent to Q and
L is braid equivalent to P .
Proof. This follows an argument very similar to the proof of Proposition
3.7 and the proof of Proposition 3.9. Let D be disk that decomposes
T as K#L, and let E be the disk that decomposes T as P#Q. If D
can be isotoped to be disjoint from E, then by Proposition 3.6, K is
braid-equivalent to P and L is braid equivalent to Q. If D can not be
isotoped to be disjoint from E, then we arrive at a contradiction exactly
as in the proof of Proposition 3.7, except for case B4 and sub-case A3b,
which require only slight modification, as follows.
Recall the terminology from the proof of Proposition 3.7. In case B4,
E1 is contained in M
D
L , and α1 can be isotoped to be disjoint from AD.
By the argument presented in Proposition 3.7, we can conclude that
α1 is simultaneously a boundary component of a cabling annulus for K
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and the boundary of a splitting disk for L. After applying the proof of
Proposition 3.9, we see that this implies that K is braid-equivalent to
Q and L is braid equivalent to P .
In the second part of case A3, Ej is properly embedded in M
D
K , Ek is
properly embedded in MDL , and Dj and Dk do not intersect in D. We
can conclude that Ek is a splitting disk for L such that ∂Ek bounds
a cabling annulus in MDK . After applying the proof of Proposition 3.9
with the roles of K and L switched, we see that this implies that K is
braid-equivalent to Q and L is braid equivalent to P . 
The previous corollary immediately implies the following one. Al-
though for arbitrary n, the monoid structure does not respect braid-
equivalence, this statement says roughly that “string links modulo
braid equivalence are cancellative.”
Corollary 3.11. Let K, L, P , Q be prime, n-string links. K#L =
K#Q implies L is braid-equivalent to Q, and K#L = P#L implies K
is braid-equivalent to P . 
Question. Can the conclusions in Corollary 3.11 be improved to “L
is isotopic to Q” and “K is isotopic to P”?
By the final result of this paper, Corollary 4.6, the answer is affir-
mative for n = 2.
We can improve slightly on Corollary 3.11 in the case that Q (or
P ) is itself a braid. Recall that a link-homotopy of a string link K
is a homotopy where distinct strands of K never intersect. In other
words, a link-homotopy is like an isotopy, except that each strand may
intersect itself.
Proposition 3.12. Let K be any string link. Suppose K#B = K#B′
for braids B,B′. Then B is link-homotopic to B′. (Similarly, B#K =
B′#K implies that B,B′ are link-homotopic.)
Proof. In [7, pp. 394-397], Habegger and Lin showed that there is a
homomorphism ϕ from the monoid of n-string links to the group of
automorphisms of RF (n), the “reduced” free group on n letters. This
map factors through the monoid of string links up to link-homotopy,
on which it is an isomorphism [7, Theorem 1.7]. From ϕ(K)ϕ(B) =
ϕ(K)ϕ(B′) and the fact this equality is in a group, we conclude that
ϕ(B) = ϕ(B′). Since ϕ is an isomorphism on the monoid of string links
up to link-homotopy, the desired result follows. 
In particular, the only braids which fix a string link are those which
are link-homotopic to the trivial braid.
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3.1. Consequences for the 2-string link monoid.
Definition 3.13. An n-string link T with a non-boundary-parallel ca-
bling annulus such that all the strands of T are contained in a com-
plementary component of the annulus is called a one-strand cable. By
the definition of a cabling annulus (Definition 3.4), this component is
necessarily the one homeomorphic to D2 × I.
Corollary 3.14. If K ⊂M ∼= D2× I is a prime element in the center
of the monoid of n-string links, then either K is a one-strand cable or
M contains an essential 2-punctured sphere.
Proof. Sketch: It is easy to show that for any n > 1, there exists
an n-string link K such that the only cabling annulus for K is the
boundary of a regular neighborhood of a single strand of K and K
admits no nontrivial splitting disks. An example of such a string link
when n = 2 is given in the upper left hand side of Figure 1. Hence, by
the Proposition 3.7, the only n-string links that can commute with K
are one-strand cables or string links with a 1-punctured splitting disk.
However, a n-string link L in M with a 1-punctured splitting disk D
naturally contains an essential 2-punctured sphere which is the union
of D and the 1-punctured disk that ∂D bounds in ∂M . 
Corollary 3.15. The prime elements of the center of the monoid of
pure 2-string links consist of
(1) prime split links
(2) prime one-strand cables
Proof. By Corollary 3.14, the prime central elements are contained in
the set of prime one-strand cables and prime split string links. Con-
versely, Proposition 3.9 applied to the case of 2-string links implies
that one-strand cables and split string links are central, as illustrated
in Figure 9 and Figure 10. 
We now show that the monoid of all 2-string links splits as braids
and the remaining quotient by braids. Let L2 denote the monoid of
(isotopy classes of) 2-string links.
Proposition 3.16. There is a splitting L2 ∼= L02 ⊕ Z, where the Z
factor corresponds to the braids in L2.
Proof. On the submonoid Lpure2 ⊂ L2 of pure string links, we have a
map 2` : Lpure2 → Z, given by twice the linking number. We can extend
this to all string links as follows: Let τ be the string link obtained by
composing a standard unlink I unionsq I ↪→ D2 × I with the map D2 × I →
D2 × I given by (z, t) 7→ (epiitz, t). (Thus τ 2 has linking number +1.)
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T1#T2 T2#T1
Figure 9. Commuting Split links
T1#T2 T2#T1
Figure 10. Commuting one-strand cable
For a non-pure 2-string link L, define 2` by twice the linking number
of L#τ minus one. This gives a monoid homomorphism 2` : L2 → Z.
On the other hand, we also have a monoid homomorphism b : Z→ L2
given by b(n) = τn, whose image is clearly the braids in L2. The
composite 2` ◦ b : Z → Z is the identity, so b gives a right-splitting of
the short exact sequence
0→ ker(2`)→ L2 → Z→ 0.
Thus L2 ∼= ker(2`)⊕Z, where the Z factor is the braids in L2. So if we
let L02 denote the quotient of L2 by the braids, then L2 ∼= L02⊕Z. (We
chose this notation because L02 is also isomorphic to ker(2`), which is
the 2-string links with linking number zero.) 
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It immediately follows that pure braids are central in L2, a fact which
we invite the reader to visualize directly.
4. Prime decomposition for 2-string links
We now turn our attention to pure 2-string links, in which case we
can prove the following prime decomposition theorem.
Theorem 4.1. A pure 2-string link L has a prime decomposition L =
L1#...#Ln, where each Li is a prime pure string link. Such a decom-
position is unique up to reordering the factors in the center and up to
multiplication by units (pure braids).
Proof. The following theorem of Freedman and Freedman implies the
existence statement. In fact, we get the existence statement for n-
string links for any n, i.e., any n-string link has a finite decomposition
into prime factors. We just apply the theorem below with M the
exterior (i.e., complement of an open neighborhood) of the n-string
link, F1, ..., Fk is any collection of decomposing disks restricted to the
exterior, and b = n.
Theorem 4.2. [5] Let M be a compact 3-manifold with boundary and
b an integer greater than zero. There is a constant c(M, b) so that if
F1, ..., Fk, k > c, is a collection of incompressible surfaces such that all
the Betti numbers b1Fi < b, 1 ≤ i ≤ k, and no Fi, 1 ≤ i ≤ k, is a
boundary parallel annulus or a boundary parallel disk, then at least two
members Fi and Fj are parallel.
Before proving the uniqueness statement, we prove a lemma.
Lemma 4.3 (Splitting Disk Lemma). Suppose an n-string link L in M
with strands labeled 1 to n and L has a nontrivial k-punctured splitting
disk with punctures corresponding to strands labeled 1, ..., k. Then any
prime decomposition of L must have a prime factor K which is a split
string link. Furthermore, K has a splitting disk that meets each of
the strands labeled 1, ..., k at most once and is disjoint from all other
strands.
Proof. Suppose L has a nontrivial splitting disk D with punctures cor-
responding to the first k strands and whose boundary (without loss
of generality) is contained in ∂−M . By possibly replacing D by a
“smaller” disk (lying between D and ∂−M), we may assume that the
k-string link L′ contained in the 3-ball with boundary D union a k-
punctured subdisk of ∂−M is prime. Suppose we have a prime de-
composition of L, and let E1, ..., En be the decomposing disks for this
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decomposition. Isotope the Ei so as to minimize the number of com-
ponents of the intersection with D. Let α be a circle of intersection
between the union of the Ei and D which is innermost in D. The loop
α bounds a punctured disk Dα in D and a punctured disk Eα in some
Ej such that the interior of Dα is disjoint from the union of the Ei.
As the intersection between the Ei and D is was taken to be minimal,
Dα is not isotopic to Eα. Since D is incident to only strands labeled
1, ...k, so is Dα. Let Mj be the complementary component of the union
of the Ei in M that contains Dα and let Kj be the portion of L in Mj.
Then Dα is a splitting disk for Kj in Mj that meets each of the strands
labeled 1, ..., k at most once and is disjoint from all other strands.

Returning to the proof of the uniqueness statement of the Theo-
rem, suppose we have a prime decomposition of a 2-string link L =
L1#...#Ln. Let T1 be the product of all the Li which are split links
with the first component unknotted. Similarly, let T2 be the product of
all the Li which are split links with the second component unknotted.
Let T3 be the product of all the Li which are one-strand cables. Let T4
be the product of the remaining Li in the given prime decomposition
of L. Since all the Li in T1, T2, T3 are central by Corollary 3.15, we can
write L = T1#T2#T3#T4.
Given another prime decomposition L = L′1#...#L
′
m, we similarly
can write L = T ′1#...#T
′
4, where each T
′
i is a product of L
′
i’s of the
same type as those in Ti. The first step is to show that Ti = T
′
i modulo
braid equivalence for each i. The prime decomposition theorem for
knots will then imply equality of the factors in Ti and T
′
i modulo braid
equivalence for i = 1, 2, 3. It will then remain to prove that the factors
in T4 and T
′
4 agree up to braid equivalence. Since 2-string pure braids
are the units, the theorem will follow.
Step 1: We will show that T1 and T
′
1 agree up to stacking with
a pure braid. Let D1 be the 2-punctured decomposing disk properly
embedded in M and separating T1 from T2#...#T4. Similarly, let E1
be such a 2-punctured decomposing disk separating T ′1 from T
′
2#...#T
′
4
in L. Since T1 is split, D1 is isotopic to the union of a once-punctured
annulus in ∂−M with a once-punctured, properly embedded disk D
whose boundary is contained in ∂−M . Similarly, E1 is isotopic to the
union of a once-punctured annulus in ∂−M with a 1-punctured disk E
whose boundary is contained in ∂−M .
By an isotopy, we can take ∂D and ∂E to be disjoint in ∂−M . Per-
form a further proper isotopy of D and E so as to minimize the number
of components of D ∩ E. Suppose that this number is nonzero. Let
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α be a component of D ∩ E which is innermost in E. Let Dα be the
possibly punctured disk in D bounded by α, and let Eα be the possibly
punctured disk in E bounded by α. Now D and E each have exactly
one puncture. Thus, Dα and Eα must both have either zero punctures
or one puncture. In the case of zero, Dα ∪ Eα bounds a 3-ball, and
we can get rid of α by pushing Dα across Eα, thus contradicting the
minimality of |D ∩ E|. Hence Dα and Eα each have one puncture.
Since D and E themselves have just one puncture, the argument just
made shows that α is the unique curve in D ∩ E which is innermost
in E. Reversing the roles of D and E shows that among the curves
in D ∩ E, there is a unique curve β that is innermost in D. Let Dβ
denote the punctured disk that β bounds in D. We can so far see that
the circles in D ∩ E are all concentric in both D and E.
In other words, the components of D ∩ E separate each of D and
E into |D ∩ E| + 1 regions which look like regions of a dartboard as
shown in Figure 11. We now label each region of D by a “1” and “2”
according as the region is in ME1T ′1
or ME1T ′2#T ′3#T ′4
. Similarly, we label
each region of E by a “1” or “2” according as the region is in MD1T1
or MD1T2#T3#T4 . The labels of the outermost regions of D and E must
be different. In each of D and E, the labels of regions must alternate.
Since D and E have the same number of regions, the labels of Dβ and
Eα must be different. Hence one of these disks must have the label
“2”. Without loss of generality, suppose it is Eα that has the label
“2”. Then Eα is a once-punctured splitting disk in M
D1
T2#T3#T4
. (If it
is not a splitting disk, we contradict the minimality of |D ∩ E|.) By
the Splitting Disk Lemma, one of the prime factors of T2#T3#T4 must
be a split link with the first strand unknotted. This contradicts the
definition of the Ti. We conclude that D and E can be isotoped to be
disjoint.
Figure 11.
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Suppose, the disjoint punctured disks D and E are not isotopic
to each other. Since both ∂D and ∂E are contained in ∂−M , a 2-
punctured disk, then, due to the fact that no embedded 2-sphere in M
can meet T an odd number of times, ∂D is isotopic to ∂E in ∂−M and
each of ∂D and ∂E bound a once punctured sub disk of ∂−M . Let Σ
be the 2-punctured sphere that is the union of D, E and the annulus
in ∂−M with boundary ∂D∪∂E. Since D is not isotopic to E then the
3-ball bounded by Σ must meet L in a knotted arc and Σ is an essential
2-punctured sphere in M . Without loss of generality, assume that ∂D
is contained in the 1-punctured disk bounded by ∂E in ∂−M . Hence,
E is a a once-punctured splitting disk in MD1T2#T3#T4 . By the Splitting
Disk Lemma, one of the prime factors of T2#T3#T4 must be a split
link with the first strand unknotted. This contradicts the definition of
the Ti. We conclude that D is isotopic to E.
Thus, D and E, and hence D1 and E1, are isotopic. By definition of
D1 and E1, this shows that both T1 and T
′
1 agree up to stacking with
a pure braid and that T2#T3#T4 and T
′
2#T
′
3#T
′
4 agree up to stacking
with a pure braid. This completes Step 1.
Step 2: We now want to show that T2 = T
′
2 modulo braid equiv-
alence. We know that T2#T3#T4 and T
′
2#T
′
3#T
′
4 agree up to a pure
braid. We apply to this string link (T2#T3#T4) the same argument
as in Step 1, but with the roles of the first and second strands re-
versed. This shows that T2 = T
′
2 modulo braid equivalence and also
that T3#T4 = T
′
3#T
′
4 modulo braid equivalence. This completes Step
2.
Step 3: We now know that T3#T4 = T
′
3#T
′
4 modulo braid equiva-
lence so it suffices to consider the case where L = T3#T4 = T
′
3#T
′
4 is a
2-string link in M and where each of T3#T4 and T
′
3#T
′
4 correspond to
prime factorizations where none of the factors are split links.
Let D be the 2-punctured disk decomposing L into T3 and T4, and
let E be the 2-punctured disk decomposing L into T ′3 and T
′
4. We may
assume ∂D ∩ ∂E = ∅. Subject to this constraint, isotope D and E so
as to minimize the number of circles in D ∩ E.
Suppose that this number is nonzero. We will eventually deduce
a contradiction. Let α be one of these circles which is innermost in
E. Let Eα be the punctured disk in E bounded by α, and let Dα
be the punctured disk in D bounded by α. Since each strand of L
intersects each of D and E once, Dα and Eα have the same number of
punctures. If the number of punctures is zero, then Dα can be pushed
across Eα to eliminate α, contradicting minimality of |D ∩ E|. If the
number of punctures is one, then T3 or T
′
3 has a nontrivial splitting disk,
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which by the same argument given at the end of Step 1, contradicts the
assumption that L has no split factors. So the number of punctures in
Dα (and hence also in Eα) is exactly 2. This implies that α is the only
circle in D ∩ E which is innermost in E. By a similar argument there
is a circle β in D ∩E which is the unique innermost circle in D. If Dβ
and Eβ are the punctured disks bounded by β in D and E, this similar
argument also shows that each of these disks has exactly 2 punctures.
So the circles in D ∩ E are concentric in both D and E, that is,
D ∩ E separates each of D and E into an inner 2-punctured disk and
|D ∩E| concentric annuli, and the 2 punctures in each of D and E are
contained in the innermost punctured disks Dβ and Eα.
Let A be the outermost annulus complementary component of D∩E
in E. By the above conclusion, A has no punctures. Without loss of
generality, A is properly embedded in MDT4 . (Otherwise, reverse the
roles of T3#T4 and T
′
3#T
′
4 so that A is an embedded subsurface of D
in MET ′4
.) If A is boundary parallel in MDT4 , then there is an isotopy of
E eliminating the component of D ∩ E that is contained in ∂A, con-
tradicting the minimality of |D∩E|. Furthermore, A is incompressible
since E is incompressible. Hence A is an essential annulus in MDT4 .
Let F be the union of the decomposing disks F1, ..., Fk for the prime
decomposition of T4.
Claim 1: After an isotopy, we can assume A ∩F is a collection of circles
none of which bounds an unpunctured disk in either A or F .
Proof : suppose such a circle γ bounds an unpunctured disk in
one of {A,Fi}. If the disk that γ bounds in the other of {A,Fi}
has at least one puncture, then it must have an even number of
punctures, contradicting that each strand of L intersects each
of A and Fi only once. So γ bounds unpunctured disks in both
A and Fi. But then we can eliminate γ by isotopy.
Claim 2: No circle γ of A∩F bounds a 1-punctured disk in a component
of F . Proof : If some γ does bound a 1-punctured disk, then, by
taking γ to be innermost, the union of this disk together with
the disk which γ bounds in E is a punctured immersed sphere
(with transverse intersections), which meets L either once (if
γ is inessential in A) or 3 times (if γ is essential in A); this
contradicts the fact that a properly embedded 1-manifold in a 3-
ball must intersect an immersed closed surface (with transverse
self-intersections) in an even number of points. (The latter fact
can be shown by resolving self-intersections and the Generalized
Jordan Curve Theorem [6].)
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Now F separates MDT4 into components M1, ...,Mk corresponding to
the prime factors L1, ..., Lk in our given decomposition of T4, where
each Mi ∼= D2 × I. Since A has no punctures, Claim 1 above implies
that no circle in A∩F bounds a disk in A. Thus all the circles of A∩F
are essential in A, and each Mi meets A in a (possibly empty) collection
of annuli. Since A is essential in MDT4 , A meets some Mi in an essential
annulus A∗, i.e., an annulus A∗ which is knotted. If A∗ is not a cabling
annulus, then Li must not be prime, a contradiction. So A
∗ is a cabling
annulus. By Claims 1 and 2, every circle of A∩F bounds a 2-punctured
disk in each component of F . Thus both strands of Li are contained on
the complementary component of A∗ in Mi homeomorphic to D2 × I,
and Li is a one-strand cable. This contradicts the definition of T4, since
none of the prime factors in its given decomposition were one-strand
cables. So we may now assume that D and E are disjoint.
Suppose D and E are not isotopic. Since D ∩ E = ∅, either D is
contained in MET ′4
or E is contained in MDT4 ; without loss of generality,
suppose E is contained in MDT4 . As before, let F =
⋃
i Fi be the union
of the decomposing disks for the prime factors L1, ..., Lk of T4 in our
given decomposition, and let M1, ...,Mk be the components that the Fi
separate MDT4 into. If E can be isotoped to be disjoint from F , then
E is contained in some Mi. Since the Li are prime, then E must be
isotopic to some Fj. Hence, the cabling annulus for the portion of L in
MET ′3
meets each of M1, ...,Mj demonstrating that each of L1, ..., Lj is
a one-strand cable and contradicting the definition of T4. So E must
intersect F . By the same argument as at the beginning of this Step,
after minimizing |E ∩F| there is a unique circle among those in E ∩F
which is innermost in E. Let Fi be the component of F which this
circle is contained in. We can now apply the same argument as above
with Fi playing the role of D, as follows:
We deduce that the circles in E ∩ Fi separate E into a 2-punctured
disk and concentric (unpunctured) annuli. We consider the outermost
annulus in E. As in the argument given above, this annulus implies
one of the Li is a one-strand cable, a contradiction to the definition of
T4. Thus, Fi and E must be isotopic, which completes Step 3.
Step 4: We now know that Ti = T
′
i modulo braid equivalence for
all i = 1, ..., 4. We also know that the prime factors in Ti and T
′
i agree
modulo braid equivalence for i = 1, 2, 3 by the prime decomposition
theorem for knots. Thus, it remains to show that the prime factors in
T4 and T
′
4 agree modulo braid equivalence.
Suppose we have two prime decompositions of this link, K1#...#Km =
T4 = L1#...#Ln inM . LetD1, ..., Dm−1 be the decomposing 2-punctured
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disks for the Ki and let E1, ..., En−1 be the decomposing 2-punctured
disks for the Li. Here we mean for the punctured disks to be in order,
i.e., D1 is the closest Di to ∂−M and E1 is the closest Ei to ∂−M .
We will show that Di is isotopic to Ei for every i. This will give us
uniqueness of the decomposition. We start with i = 1. We may assume
that the circles ∂D1 and ∂E1 are disjoint.
Suppose that we have minimized the number of circles in D1 ∩ E1
(subject to the constraint ∂D1 ∩ ∂E1 = ∅), and suppose first that this
number is nonzero. Let α be a component of D1∩E1 that is innermost
in E1. Let Eα be the possibly punctured disk in E1 bounded by α. If
Eα has no punctures, then, as previously argued, there is an isotopy of
E1 that eliminates a component of D1 ∩E1 which is a contradiction to
the minimality of |D1 ∩ E1|.
If Eα has just one puncture, then by the minimality of |D1 ∩ E1|
and the same arguments given at the end of Step 1, we find a split
prime factor, contradicting the definition of T4. Hence, by the same
arguments as in the previous Steps, the innermost circle α bounds a
2-punctured disk in E1, and all circles of D1 ∩E1 are concentric in E1.
Let β be a component of D1∩E1 which is outermost in E1. Let A be
the annulus bounded by β and ∂E1. By the above paragraph, β encloses
both punctures of E1, and A has no punctures. If A is boundary parallel
in MD1K1 or M
D1
K2#...#Km
, then we can eliminate β (via an isotopy of E1
that moves ∂E1 past ∂D1), contradicting our minimality assumption.
Thus A is knotted, i.e., A is an essential annulus, contained in either
MD1K1 or M
D1
K2#...#Km
. In the first case, the primeness of K1 and the fact
that β encloses both punctures of E imply (as in Step 3) that K1 is a
1-strand cable, contradicting the definition of T4. In the second case,
we can argue (again, as in Step 3) that some other Ki is a 1-strand
cable, a contradiction.
So we may now assume that D1 and E1 can be isotoped to be disjoint.
Then one of these punctured disks lies between ∂−M and the other disk.
Without loss of generality, suppose E1 lies between ∂−M and D1. Then
since E1 is not isotopic to ∂−M and since K1 is prime, we conclude that
E1 must be isotopic to D1. This implies K1 is braid equivalent to L1
and K2#...#Km is braid equivalent to L2#...#Ln.
We may now repeat this argument for the string links K2#...#Km
and L2#...#Ln to concludeK2 is braid equivalent to L2 andK3#...#Km
is braid equivalent to L3#...#Ln, and so on. Ifm < n, then Em, ..., En−1
are decomposing disks between Dm−1 and ∂+M but isotopic to neither
Dm−1 nor ∂+M . This contradicts the primeness of Km. If n < m,
we reach a contradiction by a similar argument, by the primeness of
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Ln. Thus m = n, and Di is isotopic to Ei for all i. Thus Ki and Li
agree up to braid equivalence for all i. This completes the proof of the
theorem. 
Finally we point out an equivalent restatement of this theorem in
terms of the language developed in the proof of Proposition 3.16. In
this alternative formulation, we essentially “remove” all the pure braids
from a 2-string link.
Theorem 4.4 (Reformulation of Theorem 4.1). Any element of L02 can
be written as a product of primes which is unique up to only reordering
the split link and one-strand cable factors. 
For deducing a corollary concerning arbitrary 2-string links, it is
convenient to have alternative definitions of equivalence and braid-
equivalence of string links.
Proposition 4.5 (Alternative definitions of equivalence and braid-e-
quivalence of string links). (1) String links T1 and T2 are equivalent if
and only if there is a diffeomorphism of pairs (M,T1)
∼=→ (M,T2) whose
restriction to the boundary of M (and all of its derivatives) agrees with
the identity.
(2) String links T1 and T2 are braid-equivalent if and only if there
is a diffeomorphism of pairs (M,T1)
∼=→ (M,T2) whose restriction to
(∂D2)× I (and all of its derivatives) agrees with the identity.
(3) String links T1 and T2 are braid-equivalent if and only if there is
a diffeomorphism of pairs (M,T1)
∼=→ (M,T2) which takes the subsets
∂±M to ∂±M .
Proof. Part (1): “⇒”: Given an isotopy of M as in Definition 2.1, take
desired diffeomorphism to be the time-1 slice of the isotopy.
“⇐”: By Cerf’s Theorem [4], the space of diffeomorphisms of S3 is
connected. As an easy corollary, so is the space of diffeomorphisms
of D3 which agree with the identity on the boundary (to all orders of
derivatives). In fact, this follows by considering the fibration
Diff(D3, ∂D3)→ Diff(S3)→ Emb(D3, S3)
given by restricting to a hemisphere of S3. The base is homotopy
equivalent to SO(3), which is connected, while the fiber is the above-
mentioned space of diffeomorphisms of D3 fixed on the boundary.
Now a diffeomorphism φ : (M,T1)
∼=→ (M,T2) is clealry isotopic to
one that is the identity outside of a ball D3 contained in M . Combining
this with Cerf’s Theorem, we get a path (i.e., a diffeotopy) from φ to
the identity. Taking this path in reverse gives the desired isotopy.
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Part (2): Recall the notion of braid-equivalence from Proposition
3.6 as given by an isotopy of M fixing the “round boundary” of M .
Starting with this definition of braid-equivalence, the proof of the “⇒”
direction is the same as that of the “⇒” direction in part (1). For the
“⇐” direction, consider the fibration
Diff(D3, ∂D3)→ Diff(D3, D2)→ Diff(D2)
where the total space is the space of diffeomorphisms of D3 which
fix one hemisphere D2 of the boundary S2. Since the base space is
connected (in fact, contractible), the total space is too. Then consider
the fibration
Diff(D3, D2)→ Diff(D3, S1 × I)→ Diff(D2)
where the total space is the space of diffeomorphisms of D3 fixing a
subset S1 × I of the boundary S2. This shows that the total space is
connected. Hence given a diffeomorphism of M fixed on the “round
boundary,” there is a path of such diffeomorphisms connecting it to
the identity. This is a braid-equivalence as established in Proposition
3.6.
Part (3): Using part (2), the proof of “⇒” is immediate. For the
proof of “⇐”, we need to just consider one more fibration sequence,
namely
Diff(D3, S1×I)→ Diff(D3, ∂±)→ Diff(D2unionsqD2) ∼= Diff(D2)×Diff(D2)
where the total space is the space of diffeomorphisms of D3 which pre-
serve (but don’t necessarily fix) two circles in the boundary S2. This
shows that the total space is connected and that a diffeomorphism as
in the statement of Part (3) can be joined by a path of such diffeomor-
phisms to the identity. 
Corollary 4.6. A 2-component string link L has a prime decompo-
sition L = L1#...#Ln, where each Li is a prime string link. Such a
decomposition is unique up to reordering the factors in the center and
up to multiplication by units (braids).
Proof. If L is pure, the corollary follows immediately from Theorem 4.1.
So assume that L is not pure. The existence of a prime decomposition
again follows from Theorem 4.2. Given two prime decompositions for
L, each is defined (up to braid equivalence of the factors) by a complete
set of decomposing disks E and D respectively. If τ is the generator of
the 2-strand braids, then L#τ is a pure braid. However, (D2 × I, L)
is diffeomorphic to (D2 × I, L#τ) via a diffeomorphism which takes
decomposing disks to decomposing disks. So the image of E and D
under this diffeomorphism are complete sets of decomposing disks for
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for L#τ that decompose (D2 × I, L#τ) into pieces diffeomorphic to
those in the original decompositions for L#τ By part (3) of Proposition
4.5, the prime factors of L#τ determined by these decomposing disks
are braid-equivalent to those in the decompositions for L. By Theorem
4.1, the two decompositions for L#τ are related by reordering the
factors in the center and multiplication of factors by units. Thus the
two decompositions of L are related via reordering the factors in the
center and up to multiplication by units. 
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